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Abstract 
Park, J.-H. and K.-Y. Chwa, On the construction of regular minimal broadcast digraphs, 
Theoretical Computer Science 124 (1994) 329-342. 
Broadcasting is the task of transmitting a message originated at a node in a communication network 
to all the other nodes. A communication network with communication li ks used to send messages 
only in a particular direction can be modeled by a digraph. A minimal broadcast digraph (mbd) is 
a digraph such that a broadcast can be performed, from any vertex, in minimum time. An optimal 
mbd is an mbd with the minimum degree in any mbd on n vertices: In this paper, we consider the 
problem of constructing optimal regular mbd's and regular mbd's with as small degree as possible, 
and give the following: 
(a) a circulant mbd with n vertices and degree [_log 2 n~; 
(b) an optimal regular mbd with n vertices when l~<n~<18, 20~<n~<24, 3 ~<n~<36, and 
2m-3~<n<~2 ' , m~>3; 
(c) a regular mbd with n vertices and degree [_log2 nJ - 1 when 2'~+ 1~<n~<2"+2" 1, m>~3, and 
a regular mbd with n vertices and degree [log2 n J -2  when 2"+ 1 ~< n~< 2" + 2"-3, rn >~ 4. 
1. Introduction 
A communication etwork can be modeled by a graph, with the vertices represent- 
ing computing elements and edges representing communication links. If a commun- 
ication link can be used to send messages only in a particular direction, then we assign 
an appropriate direction to the corresponding edges; the result is a digraph. Broad- 
casting is the task of transmitting a message originated at a node in a communication 
network to all the other nodes. Broadcasting is accomplished by placing a series of 
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calls over the communication li ks of the network. This is to be completed as quickly 
as possible subject o the constraints that: 
(i) each call involves only two vertices, 
(ii) each call requires one unit of time, 
(iii) a vertex can participate in only one call per unit of time, and 
(iv) a vertex can call only a vertex to which it is adjacent. 
In any connected graph G, a broadcast from a vertex v determines a spanning tree 
rooted at v. We define the broadcast time b(v) of a vertex v of a graph G to be the 
minimum number of time units required to complete a broadcast from v. 
b(v)~>[-log2 n] since, during each time unit, the number of informed vertices can at 
most double. The problem of determining whether b(v)<~k, for a vertex v in an 
arbitrary graph G, for fixed k ~> 4 is known to be NP-complete [7]. 
We define the broadcast time b(G) of a graph G to be the maximum broadcast time 
of any vertex v in G, that is, b(G)=max{b(v)] v is a vertex of G}. The broadcast time 
b(K,) of a complete graph K,  with n~>2 vertices is equal to [ logzn] .  We define 
a minimal broadcast graph to be a graph G with n vertices uch that b(G)=[log2 n]. 
Note that every vertex of a minimal broadcast graph is the root of a minimum 
broadcast ree, which is defined to be a rooted tree with n vertices such that the 
broadcast time of the root is I-log2 n-]. When n=2"  for an integer m, the minimum 
broadcast tree is the binomial tree defined in [2]. 
A minimum broadcast graph is a minimal broadcast graph with the minimum 
number B(n) of edges in any minimal broadcast graph on n vertices. Only for 
1 ~<n ~< 18 and n =2 '~ the values of B(n) are known [9]. Since the design of minimum 
broadcast graphs seemsto be very difficult, the construction of minimal broadcast 
graphs with as few edges as possible is considered [-3, 5, 8]. 
A vast majority of the work on broadcasting has assumed that the communication 
network in question is an undirected graph. Yet, in many applications only one-way 
communication is available [9]. A minimal broadcast digraph (mbd) is a digraph such 
that a broadcast can be performed, from any vertex, in [-log2 n] time units. A minimum 
broadcast digraph is an mbd with the minimum number of edges in any mbd on 
n vertices. An optimal mbd is an mbd with the minimum degree in any mbd on 
n vertices. We define degree d(G) of a digraph G to be the maximum of outdegree and 
d + indegree of any vertex v in G, that is, d(G)=max {maxl~<i~<, i , maxl<~i<~,di-}, 
where d + and d/- are outdegree and indegree of a vertex v/, 1 ~< i ~< n, respectively. 
One of the important measures of the goodness of a communication network is the 
degree of the digraph modeling the communication network as well as the number of 
edges of the digraph. A minimum broadcast digraph is an mbd with the smallest value 
of Y,l~<i~, d+ +Y~l~<i~<, d/- (=twice the number of edges), and an optimal mbd is an 
mbd with the smallest value of max {max 1 ~<i~<, d + , max 1 ~<i~<, d/- }. 
In this paper, we consider the problem of constructing optimal mbd's and mbd's 
with as small degree as possible. A digraph G is regular if all vertices have the same 
outdegree and indegree, that is, d+=d£=d(G) for l<~i<~n. We can restrict our 
attention to the constructions of optimal regular mbd's and regular mbd's with as 
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small degree as possible, since every digraph G can be transformed to a regular 
digraph G' such that d(G)= d(G') by augmenting appropriate dges. 
In Section 2, we give a regular mbd with n vertices and degree/log2 n J, which is in 
the class of circulant digraphs. A circulant digraph is a vertex-transitive digraph in 
which a broadcast can be performed with an identical algorithm from any vertex of 
the digraph. We consider a lower bound on the degree of regular mbd's in Section 3. In 
Section 4, we give an optimal regular mbd with n vertices with 1 <~ n~< 18, 20 ~< n~< 24, 
34~<n~<36, and 2"-3~<n~<2", m~>3. And we give a regular mbd with degree 
[_log2 n~ -1  when 2m+ 1 ~<n~<2"+2 "-1, m>~3, and give a regular mbd with degree 
[_log2 n J -2  when 2"+ 1 ~<n~<2"+2 "-3, m~>4. 
Graph-theoretic terms not defined here can be found in [1]. An excellent review of 
the results for problems related to broadcasting can be found in [9]. 
2. Construction of circulant mbd's 
In this section, we give a regular mbd with n vertices and degree [_log2 n J, which is 
in the class of circulant digraphs. A circulant digraph C',(al,az ..... ak), 
0<al  <a2< ... <ak<n, is defined as follows: the vertex set V={vo, vl, v2, ...,v,_~} 
and the edge set E = { (v~, vy) I there exists at, 1 ~< i ~< k, such that x + at - y (mod n)}. An 
example of a circulant digraph is found in Fig. 1. 
A circulant digraph can be defined as a Cayley digraph over a cyclic group. Every 
circulant digraph is a vertex-transitive digraph, and every vertex-transitive digraph 
with a prime number of vertices is a circulant digraph [4]. In a vertex-transitive 
digraph, a broadcast can be performed with an identical algorithm from any vertex of 
the digraph. 
The remaining part of this section is devoted to prove Theorem 2.1 which states that 
C',(21-1, 22-1,.. . ,2/l°g2nJ-1), n~>l, is an mbd. Note that degree of 
C',(2~-1, 22-1 , . . . ,  2[-a°g2nJ-1) is [ logznJ.  Theorem 2.1 implies that an upper 
v 0 
v 
v 6 
v5 v3 
v4 
Fig. 1. An example of a circulant digraph C~(2, 3). 
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bound on the degree of both regular mbd's and vertex-transitive mbd's with n vertices 
is [_log2 n[ ,  and follows immediately from Lemmas 2.3-2.5. 
Theorem 2.1. C; , (21-1,  22 -1  . . . . .  2]-i°g2nJ- 1), n~>l, is an mbd. 
We define a directed tree T", m>>. 1, with 2 m-  1 vertices. T 1 is a tree with one vertex. 
T"(V",E")isdefinedbytwocopies T~ -1 ~'ltv"-l, ~1L'"-1) and ~Tm-lcT1"-12 ~ 2 , E~ -1 ) of 
Z" -  1 such  that 
(a) V" = V~'- 1 w V~-  1 w {w}, where w¢ V~"- 1, V~"- 1, and 
(b) E"  , - " -1  ~" -1k . . ){ (~7-1  ' " -1  " -1  " -1  " -1  =/2'1 k-)'/2'2 ~2 ), and are the (0c2 ,w)}, where 0~1 0~ 2 
roots of T~ ' -1 and " -1  " -1  ~" T" .  T~ , respectively. Now ~ 1 is the root of 
Consider broadcast time b(~") of the root ~" of T",  m~>2. b(0~2)=2, and 0~ 2 is idle 
at the last (second) time unit. We can show that b(~")=m,  and ~" is idle at the last 
(mth) time unit by induction on m. A broadcast from ~" of T"  is completed as follows: 
" -1  " -1  
~1 calls ~2 at the first time unit, and then broadcasts in T~ '-1 and T~ ' -1  from 
" -1  " -1  
1 and 0~ 2 are completed independently during m-  1 time units, and 0~'-1 calls 
w at the last time unit. We can get b(~") = 1 + b(0~"- 1 ), which leads to b(~") = m, m ~> 2. 
The root ~" of T"  is idle at the ruth time unit. T"  is a minimal broadcast tree, since 
b(~") =m =I-log2 (2" -  1)-]. 
Lemma 2.2. T", m >~ 1, is a minimal broadcast ree, and the root ~" o fT"  is idle at the 
ruth time unit. 
Let 2" -1~<n<2 ", m~>l. In Lemmas 2.3-2.5, we show that C ' , (21-1,  22 -1 , . . . ,  
2[ log2 n j _  1), is an mbd when n = 2" -1 ,  2" -1< n < 2" -1 ,  and n = 2"-1,  respectively. 
To prove that C',(21 - 1, 22 - 1 .... ,2 [-l°g2 nj - 1), n = 2" -  1, is an mbd, it is sufficient o 
show that C',(21 _ 1, 22 - 1, ..., 2 [-l°g2 nJ _ 1), has a spanning tree T isomorphic to T". 
In the following lemma, we give a stronger esult than the stated one, and it is used to 
prove Lemma 2.4. 
Lemma 2.3. C~m_ 1(21-1 ,  22 -1 , . . . ,  2" -1_  1) has a spanning tree T such that T is 
isomorphic to T"  and i<j  for every edge (vi, vj) of T. 
Proof. Let Gin( V m, E m) be a spanning subgraph of C~, _ 1 (21 - 1, 2 2 - -  1, ..., 2" -  1 _ 1) 
such that E"={(vx, vy)[(vx, vy) is an edge of C~_1(21-1 ,22-1 , . . . ,2" -1 -1 )  
and x < y }. We prove that G"( V", E m) has a spanning tree T which satisfies the two 
conditions by induction on m. In the case of m = 1, it holds. The induced subgraphs 
G({vo, Vl,...,v2,,~-~-2}) and G({vz,,- l_l,v2m-a .... ,V2m--3)) of C~m_1(21--1, 
22 -- 1 .... ,2 m- 1 _ 1) are isomorphic to G" -  1 ( V m- 1 E" -  1 ), respectively. Let T1 and 
T2 be spanning trees of G({vo, vl .... ,v2 . . . .  2}) and G({v2 . . . .  1,v2,--1 . . . . .  
v2,--3 ) )  respectively, which satisfy the two conditions. The edges (v0, v2 . . . .  1) and 
(v2 . . . .  1, vzm-2) of C~m_ 1 (21 - 1, 22 - 1 . . . . .  2" -  1 _ 1) and two spanning trees T~ and 
T2 constitute a spanning tree T of C~m_ 1 (21 _ 1, 22 - 1 .... ,2" -  1 _ 1). It is not difficult 
to see that T is isomorphic to T"  and i< j  for every edge (v i, v j) of T. [] 
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The following lemma shows that C',(21 _ 1, 22 - 1, ..., 2 Ll°g2 nj __ 1), 2" -  1 < n < 2" -  1, 
is an mbd. A useful property for proving Lemma 2.4 is that i<j  for every edge (vi, vj) 
of the spanning tree T of C~_  1 (21 - 1, 22 - 1, ..., 2" -  1 _ 1). 
Lemma 2.4. C' , (21-1,  22 -1  .... ,2" -1 -  1), 2"-1 <n<2"-  1, is an mbd. 
Proof. Let T be a spanning tree of C~m_ 1(21-  1, 22 -  1,..., 2" -1  1) such that T is 
isomorphic to T"  and i<j for every edge (vi, vj) of T. The induced subgraph 
T({vo, vl ..... v , -1}> of T is a spanning tree of C ' , (21 -1 ,22-1  ..... 2m-1-1) .  
Thus, broadcast ime of C~,(21- 1, 22 -  1 ... . .  2 " -1 -  1)4broadcast time of Vo of 
T({vo,  vl .... ,v,_l}>~<broadcast time of the root e" of T"=m, which is the min- 
imum possible. [] 
The following lemma shows that C' , (21- 1, 22 -  1, ...,2 kl°g~"j -1) ,  n=2 "-1,  is an 
mbd. A useful property for proving Lemma 2.5 is that T"  is a minimal broadcast tree 
and the root of T"  is idle at the ruth time unit. 
Lemma 2.5. C~,~-,(21 - 1, 2 2 -  1, ...,2 m-1 - 1) is an mbd. 
Proof. The induced subgraph G({vo, Vt . . . . .  v2 . . . . .  2}> of C~m-1(21-1, 22 -1 ,  
..., 2" - 1 _ 1) has a spanning tree T which is isomorphic to T" -  1. Thus, every vertex 
except v2 . . . .  1 can be informed in rn -1  time units. The vertex v2.. 1-1 can be 
informed from the root of T which is idle at the (m-  1)th time unit. Thus, broadcast 
time of C~m-1(21-1 ,22-1  .... ,2m-1-1)  is m- l ,  which is the minimum pos- 
sible. [] 
3. Lower bound on degree of regular mbd's 
We denote by ud(0, d~>l, t~>0, the maximum number of vertices that can be 
informed in t time units when the degree of the digraph is less than or equal to d. There 
are no digraphs G with n>ud(t) vertices uch that d(G)<.d and b(G)<<.t. Note that 
d(G) and b(G) are degree and broadcast time of a digraph G, respectively. If a digraph 
G with n vertices is an mbd, then d(G)>>.min{d[ ud(Vlog2n])>~n}. 
We can get the value of ud(t) in a broadcast that every vertex calls d uninformed 
vertices in consecutive d time units immediately after the vertex is informed. Calling an 
uninformed vertex rather than an informed vertex increases the number of informed 
vertices. Suppose that there is a vertex v in a broadcast such that v does not call any 
vertex at a time unit and v calls less than d vertices by the time unit. Another broadcast 
that v calls an uninformed vertex w and w calls the last vertex called by v increases the 
number of informed vertices. Thus, we can get a recursive formula for ue(t) given in the 
following theorem. 
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Theorem 3.1 
=~2 t, O<~t~d, 
Ud(t) (ua( t - -1 )+ue( t - -2 )+" .+ua( t - -d )+ l ,  t>d.  
In the remaining part of this section, we show that the problem of finding a closed- 
form formula for ue(t) is as difficult as the problem of finding a closed-form formula 
for dth order Fibonacci number F, (a). -(e) ~, is recursively defined as follows [10]: 
F(a)_w(g) -(d) =Fd(~z  =0,  Fa(a-) 1 - - - -  1. n - - ln - ,+Pn-2+'"+F(a - )a ,  n~d;  r,(a) ~(d) 1' 0 ~z  I ~ . . .  
We denote by ha(t) the maximum number of vertices that can be informed at the tth 
time unit when the degree of the digraph is less than or equal to d. We can see that the 
number of informed vertices is maximum in the broadcast of Theorem 3.1: every vertex 
calls d uninformed vertices in consecutive d time units immediately after the vertex 
is informed. Thus, we can get a recursive formula for ha(t) in Lemma 3.2. We get ua(t) 
and ha(t) in an identical broadcast; hus, it holds that ua(t)--Zo<~i<~t ha(i), t~O, d~ 1. 
Lemma 3.2. 
1, t=0,  
ha(t)= 2 t - l ,  l<.t<.d, 
ha( t -1 )+hd( t -2 )+. . .+ha( t -d ) ,  t>d.  
Note that he(t) can be expressed as follows: {o, 
hd(t)= 1, 
ha( t -  1 )+ha( t -2 )+ ... +ha( t -d ) ,  
Thus, hd(t) =r(a),t+a-1, d>~l, t>>-O. With the fact that ua(t)=~o<~<~tha(i), we can get 
a relationship between ua(t) and F, (a) given in Theorem 3.3. Theorem 3.3 implies that 
we can get a closed-form formula for Ud(t) if we have a closed-form formula for dth 
order Fibonacci number F(, e), and vice versa. 
t=  - (d -1 ) , - (d -2 )  .... , -1 ,  
t=0,  
t>~l. 
Theorem 3.3. ud(t)=Y.o~<i~<t --i+d-l,r(a) t>~O, d>~ 1. 
In Lemma 3.4, we give a closed-form formula for ua(t) when t~<3d+2. We can 
prove it by a tedious calculation, and thus omit the proof. 
Lemma 3.4 
2 t, 
)2 t_ ( t _d)2  t -n - l ,  
un(t) = ) 2 ~ _ (t - d)2 t- a - 1 + ( t - 2d - 1) (t - 2d)2 t- 2d- a, 
[ ,ua( t -1 )+ua( t -2 )+ "" +ua( t -d )+ 1, 
O<~t~d 
d+ l <~t<~2d+ l, 
2d + 2 <~ t <~ 3d + 2, 
t~>3d+3. 
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4. Construction of regular mbd's 
4.1. Optimal regular mbd's 
When n = 2", degree d(G) of a regular mbd G with n vertices is greater than or equal 
to m, because d(G)>~min{dlue(Flogz n])>~n} =min{dlud(m)>>-2 ~} =m. The cir- 
culant mbd C ' (21-1 ,22-1 , . . . ,2L l °g2n J -1 ) ,  n=2% has degree m, and thus the 
circulant mbd is optimal when n=2 m. The following theorem shows that when 
2" -  3 ~< n ~< 2% m/> 3, C',(21 - 1, 22 - 1, ..., 2 Ll°g2 n j _ 1) is an optimal regular mbd. 
Theorem 4.1. C~(21 _ 1, 22 - 1 . . . . .  2 Ll°g2"j - 1), 2 m-  3 ~< n <~ 2% m >/3, is an optimal 
regular mbd. 
Proof. We prove the optimality of C ' , (21-1 ,  2 2 -1  ....  ,2 Ll°g2nj -1) .  Suppose there 
exists a regular mbd with n vertices and degree less than Llog2nJ ,  2m--3~n~<2 m,
m ~> 3, ULlog 2.j _ 1 ([ log 2 n ] ) must be greater than or equal to n. We show that both the 
following cases, depending on n, lead to a contradiction. 
Case 1. n=2 m, m>~3. 
ULlog2,J - 1 ([log2 n])  = urn- 1 (m) = 2 m-  1 < n (by Lemma 3.4). 
Case 2. 2" -3~<n<~2"-1 ,  m>~3. 
ULlog2nj-l([logzn])=um-z(m)=2m--4<n (by Lemma 3.4). [] 
We can also construct an optimal mbd with a small number n of vertices. When 
1 ~< n ~< 18, 20 ~< n ~< 24, and 34 ~< n ~ 36, we give optimal regular mbd's with n vertices. 
The proof  that each of them is an optimal regular mbd is omitted. 
(i) For  1 <~ n ~< 8, C'(21 _ 1, 22 _ 1, ..., 2 Ll°g2 nJ _ 1). 
(ii) For  n=9,  10, C~(1,4) and C]o(1,4), respectively. 
(iii) For  n = 11, 12, the digraphs given in Fig. 2a and b, respectively. 
(iv) For  13 ~<n~< 16, C~,(21 - 1, 22 - 1 ... .  ,2Llog2nj _ 1). 
(v) For  n = 17, 18, 20, the digraphs given in Fig. 2c-e, respectively. 
(vi) For  21<<. n <~ 24, Theorem 4.4(a). 
(vii) For  34 ~< n ~< 36, Theorem 4.4(b). 
The degree of an optimal vertex-transitive mbd is not equal to the degree of an 
optimal regular mbd, since there is no vertex-transitive mbd with 11 vertices and 
degree 2. The degree of an optimal circulant mbd is not equal to the degree of an 
optimal vertex-transitive mbd, since there is no circulant mbd with 12 vertices and 
degree 2. The left-handed igraph given in Fig. 2b is vertex-transitive. 
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4.2. Regular mbd's with degree less than [_log2 nJ 
In this section, we give two constructions of regular digraphs by using two or more 
digraphs with smaller number of vertices. The degree and broadcast time of digraphs 
constructed are considered in Theorems 4.2 and 4.3. By the constructions given, we 
can get regular mbd's with n vertices and degree less than Llog2 nJ for some n: regular 
mbd's with degree [_log2 n J - 1 when 2" + 1 ~< n~< 2" + 2" -  1, m/> 3, and regular mbd's 
with degree [_log2 n J -2  when 2"+ 1 ~<n~<2"+2 "-3, m~>4. 
The product of two digraphs G 1 (/I1, E 1 ) and G2 (½, E2) gives the digraph G 1 x G a 
with the vertex set V= V~ x/I2, in which (v, w) is adjacent o (v', w') if and only if either 
(a)n=ll 
.Y 
) 
J 
(b) n = 12 
Fig. 2(a, b). Opt imal  regular mbd's  with n vertices. 
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(c) n = 17 
? 
(d) n = 18 
Fig. 2(c, d). Optimal regular mbd's with n vertices. 
v=v' and (w, w')~E 2 or w=w'  and (v, v')sE1. An example of the product of two 
digraphs is shown in Fig. 3. 
Theorem 4.2. Let Gi, i= 1, 2, be a regular digraph with ni vertices uch that d(Gi)=di 
and b(Gi)<<.t~. G lxG2 is a regular digraph with nln2 vertices such that 
d(G1 x Gz)=d l  +d2 and b(G~ x G2)<~t~ +t2. 
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(e) n = 20 
Fig. 2(e). Optimal regular mbd's with n vertices. 
1 
(a)G1 (b)G z 
(c) GIXG 2 
Fig. 3. An example of the product of two digraphs. 
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Proof. By the definition of the product of two digraphs, G a x G2 has n ~ n 2 vertices and 
d(Gt x G2)=d l+d2.  A broadcast from a vertex (v, w) of G1 x G2 is completed as 
follows. Every vertex in the induced subgraph G(S) ,  S = {(x, w) Ixe Vt }, of G1 x G2 
is informed in t~ time units, and then broadcasts in the induced subgraphs 
G ( { (x, Y)I Ye V2 } > from each vertex (x, w) in S are completed independently in t 2 time 
units. Thus, b(Gt x G2)<<.tl+t2. [] 
Let G i( V~, El), 1 <% i <<. m, be a digraph with ni vertices uch that n ~ >1 n 2 ~. . .  >1 nm. Let 
i i v i = 0. The digraph ® i <i<,~ Gi is defined as follows: Vi={h,v2, . . . ,  ,,} and nm+i 
(a) the vertex set V= V~ u V2 u ... w Vm ;
(b) the edge set E=(E lkdE2u ' "k3Ern)u(C1uC2u ' "uCn l ) ,  where C;= 
{(v j ,  . . . .  , Vj ) [ J~n i+ l}U{(v j ,  v ) ) l j~n i , j>n i+ l} .  
Note that Cj constitutes a cycle. We give an example of the digraph ®i<~<,, Gi 
in Fig. 4. 
Theorem 4.3. Let Gi, 1 <~i<<. m, be a regular digraph with ni vertices uch that d(Gi)= d 
and b(Gi)<<.t. ®l<.i<.r~ Gi is a regular digraph with Zl<<i<,,ni vertices such that 
d( ® ~ <<.i<~m Gi) =d + 1 and b( ® l <~i<<.m Gi)<~ t + m-  1. 
Proof. By the definition of @i<~i<<.m Gi, ®l<.~<.r, Gi has ~l<~i~ra ni vertices and 
degree d+ 1. A broadcast from a vertex vj of ® l<~<,, Gg is completed as follows. 
There are two cases depending upon whether or not vjE V~. 
(a) G 1 (b) G 2 (c)G 3 (d) ~ G i 1~i~3 
Fig. 4. An example of the d igraph  ® i<~<3 G~. 
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Case 1. vj~V~, that is, i= 1. 
Every vertex in G1 is informed in t time units, and then every vertex of G2 is called 
by vertices of G1 in one time unit, and then G 3 is called by G2 ..... and then G m is 
called by G'_  t. Thus, the broadcast can be completed in t + m-1  time units. 
Case 2. v~¢ VI, that is, i ¢ 1. 
calls ~ + 1 Let v~ be the vertex in Cj such that (v~, v))~ Cj. In k - i+  1 time units, vj vj , 
i+2 and then v~ -1 calls v~ and then v~ calls v) The broadcasts and then vj +~ calls vj ,..., • 
in G~, Gg+ 1 ..... Gk, and G1 are completed independently in t time units. The last step 
of the broadcast is completed independently in max{i -2,  m-k} time units: Ga is 
called by G1, and then G 3 is called by G2, ..., and then G~-I is called by G~-2; Gk+l is 
called by Gk, and then Gk + 2 is called by Gk + a, ..., and then G" is called by G m_ 1. Thus, 
b(G)~(k - i+ l )+t+max{ i -2 ,  m-k}=max{t+k-1 ,  t+m- i+ l}  <~t+m-1. [] 
The digraph ® 1~i<<." Gi has self-loops (cycles of length 1) when nl 5&n2 • We can 
construct another digraph G without self-loops uch that d(G)=d(® 1 ~i~<,, Gi) and 
b(G)<~t+m-1 as follows. The digraph G has only n2<nl additional cycles Cj, 
1 1 1 in VI is incorporated with an 1 ~<j ~< n2, and each of the vertices v, 2 + 1, v,2+z .... , v,1 
arbitrary cycle Cj. It is not difficult o see that d(G)=d( ® 1 <<.i<~m G~) if we choose an 
appropriate cycle C j, and that b(G)<~ t + m-1 .  
In the following theorem, we give regular mbd's with degree less than Llog2 nJ for 
some n. The proof of Theorem 4.4 follows Lemmas 4.5 and 4.6. 
Theorem 4.4. (a) I f2"+ 1 ~<n~<2m+2 m-l, m~>3, then there exists a regular mbd with 
n vertices and degree [log2 nJ - 1. 
(b) I f2"+ 1 ~<n~<2"+2 ~-3, m~>4, then there exists a regular mbd with n vertices 
and degree [log2 n] -2 .  
Lemma 4.5. There is a regular digraph G with 2", m~>4, vertices uch that d( G) = m-  2 
and b(G)<<.m+ 1.
Proof, We prove it by induction on m. For the regular digraph G4 given in Fig. 5, 
d(G4) = 2 and b(G)~< 5. Assume that there exists a regular digraph Gm with 2" vertices 
such that d(Gm)=m-2 and b(G ' )=m+l .  Let G '+I  be G'×K'2, where K~ is 
a complete digraph with 2 vertices. By Theorem 4.2, d(Gm+ 1)=d(G")+d(K'2) =m-  1 
and b(G'+l)<~b(G')+b(K'2)=m+2. []
Lemma 4.6. There is a regular mbd with 2~+ 1, m~>4, vertices and degree m-2 .  
Proof, We prove it by induction on m. The regular mbd given in Fig. 2c has 17 
vertices and degree 2. Assume that there exists a regular mbd G" with 2" + 1 vertices 
such that d(G')= m-2.  Let Gm be the regular digraph given in Lemma 4.5. Note that 
G,,, m~>4, has 2 ~ vertices uch that d(G ' )=m-2  and b(G,,)<~m+l. Let G'+I  be 
G~n®G'. By Theorem 4.3, Gm+l has 2"+t+l  vertices, d(Gm+l)=m-1, and 
b(G',,+l)<~m+2. This completes the proof. [] 
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Fig. 5, The regular digraph G4 such that d(G4)=2 and b(G4)=5, 
Proof of Theorem 4.4(a). We prove it by induction on m. When 23+ 1 <~n<~ 23+22, 
there is a regular mbd with n vertices and degree 2=[_ log2n] -1 ;  each of them is 
presented in Section 4.1 and is an optimal regular mbd. Assume that there exists 
a regular mbd with n, 2" + 1 < n ~< 2" + 2'n- 1 vertices and degree Llog2 n J - 1 = m-  1. 
Let 2"+1+1<~n~<2"+1+2 ". When n=2"+1+1,  there is a regular mbd with 
n vertices and degree m- l<[_ log2n J -1 ,  by Lemma 4.6. When 2m+l+2~<n~< 
2" + ~ + 2", it holds that 2" + 1 ~< [_ n/2 J <~ r n/27 ~< 2" + 2" -  1 There exists a regular 
mbd G1 (G2) with Fn/27 vertices (~n/2J vertices) and degree m-1 .  GI®G2 is 
a regular mbd with n=Fn/2-] +~n/2J vertices and degree m=~log2nJ-1, since 
b(Gl®G2)<.m+2. [] 
Proof of Theorem 4.4(b). The proof is very similar to that of Theorem 4.4(a). We 
prove it by induction on m. When 24+ 1 ~< n~< 24+ 21, the optimal regular mbd's given 
in Section 4.1 have degree 2=Llog 2 n / -2 .  Assume that there exists a regular mbd 
with n, 2m + 1 ~< n ~< 2m + 2" -  3, vertices and degree Llog2 n J - 2 = m-  2. Let 2" + 1 + 1 ~< 
n~< 2 "÷ 1 +2" -2 .  When n=2 "÷ 1 + 1; there is a regular mbd with n vertices and degree 
(m+ 1) -2=L log  2nJ -2 ,  by Lemma 4.6. When 2 "÷ 1 +2<~n<~2"+ 1 +2" -2 ,  it holds 
that 2"+l~Ln/21 ~[n/2-] ~<2"+2 "-3. There exists a regular mbd G1 (G2) with 
Fn/27 vertices (~n/2J vertices) and degree m-2 .  GI®G2 is a regular mbd with 
n vertices and degree m-  1 = ~log2 n J - 2. [] 
5. Conclusions 
In this paper, we considered the problem of constructing optimal regular mbd's and 
regular mbd's with as small degree as possible. We gave a circulant mbd with 
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n vertices and degree Llog2 n J, and gave an optimal regular mbd with n vertices when 
1 ~<n~< 18, 20~<n~<24, 34~<n~<36, and 2" -3  ~<n~<2", m~>3, and gave a regular mbd 
with n vertices and degree El°g2 n J - 1 when 2 " + 1 ~< n ~< 2m + 2 " -  1, m/> 3, and a regu- 
lar mbd with n vertices and degree Llog2 nJ -2  when 2"+ 1 ~<n~<2m+2 " -3 ,  m~>4. If 
we can construct a regular mbd with 19 vertices and degree 2, then we can get a result 
stronger than Theorem 4.4(b): if 2"+ l~<n~<2m+2 " -2 ,  m~>4, then there exists 
a regular mbd with n vertices and degree Llog2 n_J -2 .  
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